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Exercise 5: Construction of Runge-Kutta methods
For an explicit Runge-Kutta method with two stages

y(x+ h)
.
= y0 + h

s∑
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ki = f(x0 + cih, y0 + h

s∑
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aijkj), i = 1, . . . , s

(which not necessary assumes the nodes relation ci =
∑

j aij , for all i), we have the following coefficients:
the nodes c1, c2, the weights b1, b2 and the sole non-vanishing entry a21 of matrix A.

a) State the corresponding Butcher tableau.

b) Which equations have to be posed on the five parameters c1, c2, b1, b2 and a21, such that the
resulting (explicit RK-) method is of order two?

c) Construct methods of order two, for which it holds

(i) c1 = 0, b1 = 0 ;

(ii) c1 = 0, b1 = 1/2 ;

(iii) c1 = 1, b1 = 1/2 .

Give the resulting increment function Φ(x, y, h; f) for an initial value problem y′ = f(x, y), with
y(0) = y0.

Exercise 6: Consistency of the trapezoidal rule
We consider the initial value problem of an autonomous ODE

y′(x) = f(y), y(x0) = y0 (y : R→ R)

with f ∈ C3 and assume that the solution satisfies y ∈ C4. The trapezoidal rule implies the numerical
technique

y1 = y0 + h
2 [f(y0) + f(y1)] .

The defect δ(h) of this scheme is defined by using the exact solution

δ(h) := y(x0 + h)− y(x0)− h
2 [f(y(x0)) + f(y(x0 + h))] .

a) Proof that δ(h) = O(h3) holds and calculate the dominating term explicitly.

b) Let f fulfill the global Lipschitz condition |f(v)− f(w)| ≤ L|v − w| for all v, w.
Use the defect to obtain an estimate for the local discretisation error, which shows that the method
is consistent of order two.
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Homework 5: Order barriers for explicit Runge-Kutta schemes (10 Points)
Consider an explicit Runge-Kutta scheme with s stages described by the Butcher tableau

c1 0 . . . . . . 0

c2 a21 0
...

...
...

. . . . . .
...

cs as1 . . . as,s−1 0
b1 b2 . . . bs

with ci =

i−1∑
j=1

aij for i = 1, . . . , s.

Such a scheme can not exhibit the order p = s+ 1.

a) Prove the statement for the cases s = 1, 2, 3.

b) Let the coefficients aij be collected in the matrix A ∈ Rs×s and the coefficients ci, bi in the column
vectors c, b ∈ Rs. For arbitrary p ≥ 2, a specific order condition reads

b>Ap−2c =
1

p!
.

Find a proof for arbitrary s based on the structure of A and c.

Homework 6: Consistency of trapezoidal rule (part II) (10 Points)
We consider the initial value problem of an autonomous ODE

y′(x) = f(y) , y(x0) = y0 (y : R→ R) ,

with f ∈ C3, y ∈ C4. The trapezoidal rule implies the numerical technique

y1 = y0 + h
2 [f(y0) + f(y1)] .

We assume that y1 = y0 +O(h) and f(y1) = f(y0) +O(h) holds (satisfied, for example, if f is bounded
and fulfills the Lipschitz condition).
Prove that the numerical method is consistent of order 2 by calculating the dominating term of the local
discretization error

τ(h) :=
y(x0 + h)− y1

h

explicitly.

Hint: Insert the complete formula for y1 in f(y1). Perform a Taylor expansion of f(y1). Insert the
complete Taylor expansion of f(y1) in one term of its own right-hand side.
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